Abstract. In this article we consider solvable hypersurfaces of the form N exp(RH) with induced metrics in the symmetric space M = SL(3, C)/SU (3), where H a suitable unit length vector in the subgroup A of the Iwasawa decomposition SL(3, C) = N AK. Since M is rank 2, A is 2-dimensional and we can parametrize these hypersurfaces via an angle α ∈ [0, π/2] determining the direction of H. We show that one of the hypersurfaces (corresponding to α = 0) is minimally embedded and isometric to the non-symmetric 7-dimensional Damek-Ricci space. We also provide an explicit formula for the Ricci curvatures of these hypersurfaces and show that all hypersurfaces for α ∈ (0, π 2 ] admit planes of both negative and positive sectional curvature. Moreover, the symmetric space M admits a minimal foliation with all leaves isometric to the nonsymmetric 7-dimensional Damek-Ricci space.
Introduction
The purpose of this article is to study homogeneous hypersurfaces in the 8-dimensional symmetric space SL(3, C)/SU (3) . This rank two symmetric space can be canonically identified with the solvable group S = NA with left invariant metric, using the Iwasawa decomposition SL(3, C) = NAK, K = SU (3) . A specific orthonormal basis of the associated two-dimensional Lie algebra a ⊂ T e S is given by Damek-Ricci spaces are particularly important since they provide counterexamples to the Lichnerowicz Conjecture. According to this conjecture, all simply connected harmonic manifolds should be either flat or rank one symmetric spaces. Harmonic manifolds are characerized by the property that all harmonic functions (i.e., ∆f = 0) have the mean value property, that is, the average of f over any geodesic sphere agrees with the value of f at the center (see [17] ). It is well known that harmonic manifolds are Einstein (see [3] ). In the compact case, the Lichnerowicz Conjecture was settled affirmatively by Szabó [16] . It was shown by Knieper [12] that all non-flat nonpositively curved harmonic manifolds are Gromov hyperbolic and have the Anosov property. Damek-Ricci spaces are non-compact homogeneous harmonic manifolds of non-positive curvature and cover all rank one symmetric spaces except for the real hyperbolic spaces. It was shown by Heber [8] that there are no other homogeneous harmonic manifolds than the ones mentioned above and it is not known whether there are non-homogeneous harmonic examples. Dotti [7] provided the first complete proof that Damek-Ricci spaces admit planes of vanishing curvature if and only if they are non-symmetric. The smallest non-symmetric Damek-Ricci space has dimension 7. In brief, the above theorem tells us that we can recover this 7-dimensional non-symmetric Damek-Ricci space as a minimal hypersurface of the specific rank two symmetric space SL(3, C)/SU(3). For more information about DamekRicci spaces and recent results on harmonic manifolds see, e.g., [6] or the surveys [2, 15, 13] .
Remark. There is an analogous result for homogeneous hypersurfaces in SL(3, R)/SO(3). The corresponding subspaces S H are then 4-dimensional, simply connected CMC hypersurfaces with mean curvature −2 sin(α) and S H 0 is minimally embedded and isometric to the complex hyperbolic plane CH 2 . Since irreducible symmetric spaces do not admit totally geodesic hypersurfaces unless they have constant curvature (see [11] or, more generally [1] ), note that there is no totally geodesic embedding of CH 2 into SL(3, R)/SO(3).
As a consequence of Theorem 1.1 we obtain that SL(3, C)/SU(3) has a natural minimal codimension one foliation with leaves isometric to the 7-dimensional Damek-Ricci space: Theorem 1.3. Let X = aV + bW + cZ 0 + tH ∈ T e S H with a, b, c ∈ C and t ∈ R be a unit vector, that is |a| 2 + |b| 2 + |c| 2 + t 2 = 1. Then the Ricci curvature of X is given by
In particular, the space S H has strictly negative Ricci curvature if and only if α ∈ [0, 2. Basic geometric properties of the hypersurfaces S H 2.1. The Riemannian manifolds S and S H . Henceforth, let G = SL(3, C) and K = SU(3) and π : G → M = G/K, π(g) = gK be the canonical projection with x 0 = π(e).
We briefly recall the construction of a Riemannian metric which makes M = G/K a symmetric space: A Cartan involution on g is given by θ : g → g, θ(X) = −X ⊤ . The Killing form
gives rise to the following inner product on g:
Since ker Dπ(e) = k, the differential Dπ(e) provides a canonical identification of p and T x 0 M, where
is the Cartan decomposition with p = {X ∈ g | θ(X) = −X} and k = {X ∈ g | θ(X) = X}. The restriction of ·, · g to p induces an inner product on T x 0 M. Left-translation induces a Riemannian metric on M such that M becomes a rank two symmetric space of non-compact type. Alternatively, we can view M = G/K as a solvable group S with left invariant metric: the Iwasawa decomposition g = sl(3, C) = n ⊕ a ⊕ k on the Lie algebra level is given by
Let N, A ⊂ G be the Lie groups corresponding to n and a. Then the restriction of π : G → M to the solvable group S = NA defines a diffeomorphism π| S : S → M, s → sK. The pull-back of the Riemannian metric on M via this diffeomorphism equips S with a left-invariant metric. This left-invariant metric induces an inner product ·, · s on the Lie algebras = n ⊕ a = T e S of S. Using (2) we have the following identifications:
leading to the linear isometry φ :
Using (1), we obtain a⊥n and n⊥n ⊤ with respect to ·, · g and, therefore, we have
In particular, we have a⊥n with respect to ·, · s and the matrices
form an orthonormal basis of the 2-dimensional vector space a. Any matrix in a of unit length can then be expressed as
and we define the corresponding hypersurface by
2.2. The second fundamental form of S H . Next we want to compute the second fundamental form of S H ⊂ S explicitly. The vector T H = sin(α)H 0 − cos(α)H 1 ∈ s is a unit vector orthogonal to T e S H = s H = n ⊕ RH with respect to ·, · s . Its left invariant extension along S H provides a global unit normal vector field of S H ⊂ S. Any X ∈ s H can be written as X = aV + bW + cZ 0 + tH with a, b, c ∈ C, t ∈ R and 
Moreover S H is a CMC hypersurface in S with mean curvature
Remark. Note that the hypersurfaces S H are horospheres iff α ∈ [ Proof. Using the canonical identification of s with left invariant vector fields on S and applying Koszul's formula, we obtain
for X 1 , X 2 , X 3 ∈ s. This in particular implies,
with E ij a 3 × 3 matrix with all entries equals 0 except for one entry equals 1 at position (i, j) and T a diagonal matrix with diagonal entries (t 1 , t 2 , t 3 ). Since
this implies that
Consequently, ∇ • T H has diagonal structure with respect to V, iV, W, iW, Z 0 , iZ 0 , H, and we have
and similarly for the other unit vectors. This finishes the proof of Proposition 2.1.
The Cheeger constant of S H . The Cheeger isoperimetric constant h(M) of a complete non-compact Riemannian manifold M is defined by
where K ranges over all connected, open submanifolds of M with compact closure and smooth boundary. A formula for this constant was given in [14] for general solvable groups with left invariant metric. Since S H is a solvable group, we obtain from this formula (11) h(S H ) = max
Tr(ad X),
where ad X(X) = [X,X] is viewed as linear transformation on the 7-dimensional real vector space s H spanned by V, iV, W, iW, Z 0 , iZ 0 , H. This is the main ingredient of the proof of the following result: Proof. In view of (11) we only have to calculate Tr(ad X) for X = aV + bW + cZ 0 + tH with |a| 2 + |b| 2 + |c| 2 + t 2 = 1 with a, b, c ∈ C and t ∈ R. Using (10) we conclude for e ∈ {1, i} that
Note that the traces of ad eV, ad eW and ad eZ 0 vanish since the matrix representations of these operators have zero for each diagonal entry. This implies that
Proof of Theorem 1.1 and Corollary 1.2
For the reader's convenience, we recall Theorem 1.1 from the Introduction:
Theorem. Let S = NA be the symmetric space SL(3, C)/SU(3) with isometrically embedded hypersurfaces
Then 
(that is n is 2-step nilpotent); (3) v⊥z with respect to ·, · s ; (4) let Z ∈ z; then the map J Z ∈ End(v), defined by
We note that a Lie algeba n satisfying properties (2), (3) and (4) is called a Lie algebra of Heisenberg type.
Properties (1), (2), (3) and (5) This shows that S H 0 is the 7-dimensional Damek-Ricci space which is, therefore, a harmonic manifold (see [6] ). The space S H 0 cannot be a symmetric space since dim R z = 2 and the centres of symmetric DamekRicci spaces must have dimension 1, 3 or 7. It was shown independently by [4] and [5] that all Damek-Ricci spaces have non-positive sectional curvature and by [7] that these spaces admit planes of zero curvature if and only if they are non-symmetric.
Finally, the equivalences of (a), (b) and (c) follow immediately from Propositions 2.1 and 2.2.
Remark. In the case of the rank two symmetric space H 2 × H 2 (where H k denotes the k-dimensional real hyperbolic space) a similar analysis shows that S H 0 is of constant negative curvature, that is, agrees with H 3 up to scaling. Here the direction H 0 in the flat a is characterized by the fact that S H 0 is minimally embedded in H 2 ×H 2 . It would be interesting to investigate which of the corresponding hypersurfaces in rank two symmetric spaces of non-compact type are harmonic manifolds. Proof. By abuse of notation, we extend T H ∈ s = T e S to a global unit vector field on S, again denoted by T H , orthogonal to S H and given by
Then φ s H is the associated flow and its flow lines s → φ s H (q) are geodesics in S through q. This implies that the leaves are equidistant.
Next we show that all leaves are isometric to S H : Let F (12) is satisfied if
We know from Theorem 1.1 that S H 0 is a Damek-Ricci space and minimal in S. Since F s H is an isometry mapping leaves to leaves, the mean curvature is preserved for all leaves. Finally, the volume distortion of the flow φ Theorem. Let X = aV + bW + cZ 0 + tH ∈ s H with V, W, Z 0 given in (7) and H given in (6) . We assume that X is a unit vector, that is a, b, c ∈ C and t ∈ R with |a| 2 + |b| 2 + |c| 2 + t 2 = 1. Then the Ricci curvature of X is given by
In particular, the space S H has strictly negative Ricci curvature if and only if α ∈ [0, Before we enter the proof we like to make the following general remark.
Remark. The following result was shown in Heber [9, Theorem 4.18] (related to earlier work by Wolter [18] ): Let s = a ⊕ n be a Lie algebra of Iwasawa type with inner product Q which is Einstein and H Q ∈ s be the vector defined by Q(H Q , X) = Tr ad X for all X ∈ s. Then the metric subalgebra (a ′ ⊕ n, Q) with non-trivial subspace a ′ ⊂ a is Einstein if and only if H Q ∈ a ′ . In particular, (RH Q ⊕ n, Q) is Einstein. Note that our Lie algebra (s, ·, · s ) is Einstein since its corresponding Lie group with left invariant metric is a symmetric space and we can apply this result with Q = ·, · s . A straightforward calculation yields then H Q = 4·H 0 and Heber's result agrees with our result that amongst all hypersurfaces S H with H = cos(α)H 0 + sin(α)H 1 only S H 0 is an Einstein manifold.
It would be interesting to investigate which of the homogeneous Einstein manifolds appearing in the more general setting of Heber are Damek-Ricci spaces.
Proof. Let R S be the Riemannian curvature tensor of S given by 
